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ABSTRACT 

This article offers a mathematical model describing the influence of one 
of the major factors of the World System's macrodynamics throughout 
most of its history (since the ‘urban revolution’) – the interaction be-
tween civilizations and their tribal peripheries. The proposed mathe-
matical model is intended to describe the possible influence of the inter-
action between the World System civilizational core and its tribal pe-
riphery on the formation of the specific curve of the world urbanization 
dynamics. It simulates completion of the phase transition, behavior of 
the system in the attraction basin and beginning of the phase transition 
to the attraction basin of the new attractor and is aimed at identifying 
the role of the factor of interaction between the civilizational core and 
barbarian periphery in the formation of attractor effect during the com-
pletion of phase transition, that is for clarification of the reasons why 
there was observed not only the slowdown of growth rates of the main 
indicators of the World System development after completion of phase 
transitions during its development, but also their falling with the subse-
quent temporary stabilization near some equilibrium level.  

Keywords: world history, dynamic modeling, the World System, civili-
zations, tribal periphery, urbanization, asabiyyah, technology, warfare.  
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For many millennia, the interaction between civilizations and their pe-
ripheries was one of the most important factors leading to the formation 
of the modern World System (see Part 1 of the Supporting Online Mate-
rials1 for detail). The emergence and development of the world urban 
network was one of the main components of the World System's evolu-
tion that accelerated its development and increased its integration.2 

Our previous research (Korotayev 2006c, 2007a, 2007b; Korota-
yev, Komarova, and Khaltourina 2007: 169–177; Grinin, Korotayev 
2009b; Korotayev, Grinin 2012, 2013; Grinin 2017a, 2017b) has 
shown that the curve describing the dynamics of the world urban pop-
ulation has a rather peculiar form (see Figs. 1 and 2). 
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Fig. 1. World Urban Population Dynamics (in millions),  
for cities with > 10,000 inhabitants (logarithmic scale)  
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Fig. 2. Dynamics of the World Urbanization Index  

(proportion of population living in cities with population > 10,000  
inhabitants relative to the overall population of the world)  

with a projection of modern trends (logarithmic scale) 
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Three rather distinct periods of relatively fast world urban popula-
tion growth can be singled out here: A1, from the mid-fourth millen-
nium BCE to the mid-third millennium BCE; A2, the first millennium 
BCE (roughly corresponding to the ‘Axial Age’); and A3, the nine-
teenth–twenty-first centuries CE. Moreover, two periods of relatively 
slow growth of the world urban population (including long phases 
when the urban population and the world urbanization level would 
hardly grow or could even considerably fall) can be noted: B1, from 
the mid-third millennium BCE to the late second millennium BCE; 
and B2, between the second and seventeenth centuries CE. Two other 
periods are essentially close to these epochs: Period B0, immediately 
preceding the mid-fourth millennium (when the world urban popula-
tion did not grow simply because cities had not yet emerged and no 
cities existed on the Earth), and Period B3, which is expected to begin 
in the twenty-second century, when forecasts predict the world urban 
population will again stop growing in any significant way (since the 
World System urbanization is supposed to reach its saturation level 
with stabilization [or even some decline] of the world population) 
(see, e.g., Korotayev, Malkov, Khaltourina 2006a, 2006b, 2007; Koro-
tayev, Komarova, Khaltourina 2007; Korotayev 2008, 2009, 2012, 
2013; Grinin 2006; Korotayev 2018, 2020b).  

Note that the detected dynamics of world urbanization correlates 
rather well with the dynamics of the World System political organiza-
tion (Grinin, Korotayev 2006; Korotayev, Grinin 2006, 2012, 2013; 
Grinin 2016a, 2016b; Grinin, Ilyin, Andreev 2016). Moreover, the 
abovementioned synchronous phase transitions to the new levels of 
the world urbanization and new complexity3  levels of the World Sys-
tem's political organization temporally coincide with phase transitions 
to higher levels of the World System's political centralization detected 
by Taagepera, which took place, according to his calculations, during 
periods А1, А2 and А3 (Taagepera 1997: 485). They also correspond 
to the phase transitions in global cultural complexity detected by 
Turchin et al. (2018).  

Similar phase transitions appear to be observed in the macrody-
namics of world literacy level. In fact, during Period A1, we observe 
the emergence of the first literate people, whose share in the world 
population by the end of this period reached the level of decimals of a 
percent and fluctuated at this level during Period В1. This correspond-
ence is no coincidence; although literate people could be found out-
side cities, their number in cities was incomparably larger than in rural 
areas. During Period А2, the world literacy rate grew by an order of 
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magnitude and amounted to several percent of the world's total popu-
lation; it fluctuated at this level during Period B2 through the mid-
eighteenth century, when Period A3 started. During that period, the 
world literacy level reached a level on the order of dozens per cent, 
and by the beginning of Period B3 (presumably in the twenty-second 
century) it is likely to stabilize at the hundred-percent level (see, e.g., 
Korotayev 2006d; Korotayev, Malkov, Khaltourina 2006a, 2006b). 

In fact, the phase transitions mentioned above can be regarded as 
different aspects of a series of unified phase transitions: Phase Transi-
tion A1, from medium complexity agrarian societies to complex agrar-
ian ones; Phase Transition A2, from complex agrarian societies to su-
percomplex ones; and, finally, Phase Transition A3, from supercom-
plex agrarian societies to postindustrial ones (from this perspective, 
the period of industrial societies is a period of phase transition, В2–
В3). These phase transitions are also exceptionally strongly connected 
with production revolutions and transitions from one principle of pro-
duction to another (for more detail, see Grinin 2007а, 2007b; Korota-
yev, Grinin 2006). The period of the first attractor (the first phase), in 
particular, is connected with the first version of the intensive phase of 
agrarian revolution (transition to irrigation agriculture), whereas the 
second attractor / phase is connected with the second version of the 
intensive phase of agrarian revolution (transition to intensive plow 
non-irrigation agriculture). From the sixteenth to the first half of the 
twentieth century (especially the nineteenth – the first half of the twen-
tieth century) the phase transition was connected with the transition to 
the industrial principle of production. The period from the end of the 
twentieth century and (presumably) the whole twenty-first century is 
connected with the transition to scientific and information / cybernetic 
principle of production (for more detail see Grinin 2006; Grinin L., 
Grinin, A., Korotayev 2017a, 2017b, 2020a, 2020b).  

The proposed mathematical model aims at analyzing the possible 
impact of the interaction between the World System's civilizational 
core and its tribal periphery on the formation of a curve of the world 
urbanization dynamics. It describes the completion of the phase transi-
tion, the system's behavior in the basin of attraction, and the start of 
the phase transition to a new basin of attraction. This model also iden-
tifies the role of the interaction between civilizational cores and tribal 
peripheries in the formation of the attractor effect during the comple-
tion of phase transition. In other words, we try to determine why, after 
the phase transitions were completed, a slowdown was observed in the 
growth rates of the main indicators of the World System development, 
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as well as their decline, with subsequent temporary stabilization at 
some equilibrium level (note that the model offered cannot describe 
the fluctuations observed at the respective levels).  

Note that the ‘tribal’ periphery can also denoted as ‘barbarian’, fol-
lowing Lewis H. Morgan (1877), where, incidentally, this term is de-
void of any pejorative implications (note that Morgan himself in no way 
despised the ‘barbarians’ – he, in company with Friedrich Engels 
[1884/1978] – rather admired them). However, we have mostly avoided 
using this rather appropriate term for the sake of ‘political correctness’. 

As is known, there are great differences in the definition of civili-
zation (see, e.g., Grinin 1997, 1998a, 1998b; Grinin, Korotayev 2009: 
Introduction). In this paper, we operationalize the civilization or civi-
lizational core (center) of the World System as the societies of the 
World System core with urban settlements; while the peripheral com-
munities without urban settlements are defined as ‘tribal’. Within the 
framework of the present mathematical model the existence of cities is 
assumed to be the only formal characteristic of civilization.4 

Elsewhere we have already analyzed the possible role of interac-
tion between the civilizational core and tribal periphery (see Korota-
yev, Malkov, Khaltourina 2007: 189–208; Grinin 2003, 2004, 2011; 
Grinin, Korotayev 2013, 2014, 2018; Grinin et al. 2004) and consid-
ered the reasons behind the essential decline (up to negative values) in 
growth rates of the main indicators of the World System development 
in the first millennium CE after the completion of А2 phase transition 
to supercomplex agrarian societies (Korotayev, Malkov, Khaltourina 
2006b; Zinkina, Ilyin, Korotayev 2017). Note that the above-men-
tioned analysis allowed identification of that factor as one of the very 
important causes (though not the only one) of the phenomenon con-
sidered.  

Thus, we have come to the following preliminary conclusions:  

The fact that the regime of hyperbolic growth changed after 
the World System's political centralization had reached crit-
ically high level of hyperbolic rates (in the early 1st millen-
nium CE the absolute majority of World System's inhabit-
ants turned out to be under control of only four empires – 
Roman, Parthian, Kushan and Han) is not accidental also 
for some other reasons. The rapid growth of political cen-
tralization in the 1st millennium BCE was driven by the dif-
fusion of iron metallurgy (for more detail see Grinin, Koro-
tayev 2009: Ch. 6; Korotayev, Zinkina 2017; Zinkina, Ilyin, 
Korotayev 2017), which not only considerably increased 
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the Earth's carrying capacity, but also led to the develop-
ment of production of rather cheap and effective weapons 
which promoted the formation of numerous armies without 
which the emergence of the world empires would be almost 
impossible. However, this process had important side ef-
fects. The politically centralized systems quite often secure 
military superiority through the development of specialized 
military subsystems – rather small but well trained and pro-
fessional armies. However, to preserve this superiority there 
is necessary to have monopoly on certain effective types of 
weapons (war chariots, bronze weapons, etc.). If the revolu-
tion in production of means of violence takes place and the 
monopoly on them cannot be efficiently supported (e.g., in 
case of emergence of iron weapons), the less politically 
centralized societies with a high proportion of military ac-
tive population get considerable advantage and in military 
terms can become stronger than politically centralized soci-
eties. This was the case in many parts of Oecumene of the 
Old World in late antiquity. Moreover, less politically cen-
tralized societies with a greater share of military active 
population could considerably increase their military effi-
ciency without noticeable increase in their political central-
ization or internal differentiation, for example, through no-
madization, growth of specialization on herding since the 
herder's everyday work and the character of his socializa-
tion make him a combat-effective warrior. Nomadic animal 
husbandry with a widespread use of herders-riders could 
considerably increase military potential of such societies 
without additional political centralization and functional 
differentiation. In this context it is important for us that the 
side effect of the technological shifts of the first millennium 
BCE was strengthening of the barbarian periphery's military 
potential in general and nomadic socio-political systems, in 
particular... As a result, the nomads got a consistent military 
superiority over the settled societies throughout most part 
of the ‘Junior Hyperbole’ epoch (additionally strengthened 
by the invention and diffusion of stirrups and sabers); this 
led to an additional reduction in the World System's demo-
graphic growth rates not only due to mass depopulations re-
sulting from recurring nomadic invasions, but also as a re-
sult of some decrease in the Earth's carrying capacity in 
many important zones of the World System due to the pres-
sure of barbarian (and, in particular, nomadic) peripheries 
(here we could recollect the Russian ‘bread-basket’ – Black 
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Earth region which through the most part of the 2nd millen-
nium was known as the Wild Field since the lands in this 
region were almost not cultivated because of the threat of 
nomadic raids) (Korotayev, Malkov, Khaltourina 2007: 
207–208).  

Here, we present the model founded on the ideas described above, 
as well as in Part 1 of the Supporting Online Materials, and on our 
earlier general models of development of the World System (Korota-
yev 2005, 2006c, 2006d, 2007a, 2008, 2009, 2012, 2013, 2018, 
2020b; Korotayev, Malkov, Khaltourina 2006a, 2007; Korotayev, 
Malkov 2012, 2016; Korotayev, Zinkina 2017; Grinin 2006, 2007a, 
2011; Grinin, Grinin 2016) and some ideas of the theory of dynamics 
of collective solidarity (asabiyyah)5 formulated by Peter Turchin 
(2003, 2005, 2007).  

In the proposed model, the World System is assumed to be divid-
ed into three main geographical zones: (1) a small (1 mln km2) and 
highly productive zone; (2) a larger zone with average production ca-
pacity (24 mln km2), surrounding Zone 1; and (3) the largest (96 mln 
km2) and least productive zone, surrounding Zone 2 (Fig. 3). 
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Fig. 3. Spatial structure of the World System assumed in the model 

It can be assumed that the first cities originated in Zone 1 (see, e.g., 
Korotayev, Grinin 2006, 2012, 2013; Grinin, Korotayev 2009a, 
2009b), which can therefore be identified as the ‘civilizational center’. 
It is assumed that the initial level of technological development in this 



Korotayev et al. / Mathematical Model of Interaction 57 

center (Tc0) is significantly higher than that for the tribal periphery 
(Tb0) coinciding with Zone 2 at the start of computer simulation. At 
this point, Zone 3, with the lowest initial level of technological devel-
opment (Th0), is considered the World System's hinterland.  

At the first stage of computer simulation the model's basic scenar-
io describes the initial vigorous territorial expansion of the civiliza-
tional center supported by its more developed technologies, which, in 
combination with significantly denser population of the civilization 
zone, results in a significantly higher military potential. In the pro-
posed model, the civilization's territorial dynamics are mathematically 
described by means of the following differential equation: 

)( bc
c MMa

dt

dA
 , (Eq. 1)

where Ac is the territory controlled by the civilizational core; Mc is the 
military potential of the civilizational core; Mb is the military potential 
of tribal periphery; and a is the constant which determines the rate of 
transformation of military superiority into territorial acquisitions (the 
calculation pattern for Mc and Mb values will be described below, see 
Equations (2) and (3)). 

However, this expansion is eventually exhausted in the basic sce-
nario of the model and the tribal periphery's counterattack unfolds. 
Note that in the suggested model (as well as in historical reality) less 
numerous and technologically backward ‘barbarians’ can put pressure 
on more numerous and technologically advanced ‘civilized’ enemies. 
This effect may be produced by the following factors: 

1) A higher military participation ratio that was characteristic of 
‘barbarians’, as proven by written, ethnographic and even archaeolog-
ical sources. For example, in some territories occupied by the German 
tribes before the Great Migration epoch, about 80 per cent of males 
were buried with iron weapons (see Gurevich 1999: 44). One should 
also mention the early military training for boys common among 
many tribal (especially nomadic) peoples, for example, Huns, Mon-
gols or Turks when they were nomads (see, e.g., Nefedov 2008).  

The most important role of this factor in explaining the cases of 
successful advance of the ‘barbarian’ periphery on civilizational cen-
ter was described in the sixteenth century by the Ethiopian monk Bah-
rey in his well-known History of the Galla. Bahrey tried to explain 
why the politically centralized Ethiopian state was constantly defeated 
by the politically less centralized and less developed Galla (Oromo) 
tribes (‘How is it that the Galla defeat us though we are numerous and 
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well supplied with arms?’ Bahrey 1976 [1593]: 140). The answer 
which Bahrey proposed is very interesting and convincing: just be-
cause the Ethiopian society was much more developed and socially 
differentiated (i.e., actually more ‘civilized’), it suffered continuous 
defeats in the fight against less developed ‘barbarians’, the Galla. In 
this case the high level of internal differentiation (‘civilization’) be-
comes a source of military weakness.  

How is it that the Galla defeat us, though we are numerous 
and well supplied with arms? It is because our nation is di-
vided into ten classes, nine of which take no part whatever in 
war, and make no shame of displaying their fear; only the 
tenth class makes war and fights to the best of its ability. 
Now, although we are numerous, those who can fight in war 
are few in number, and there are many who do not go to war. 
Of these classes, the first is that of the monks, of whom there 
are vast numbers. Among them are those who become monks 
at an early age, drawn thereto by the other monks while they 
are studying, as indeed was the case with him who has writ-
ten this history, and others like him. There are also others 
who become monks because they fear war. A second group 
is composed of those who are called dabtara, or clerks; they 
study the holy books and all works relating to the occupa-
tions of the clergy; they clap their hands and stamp their feet 
during divine service, and have no shame for their fear of go-
ing to the wars. These people take as their models the levites 
and priests, namely, the sons of Aaron. The third group is 
that of the people called Jan Hasana and Jan Maasare, who 
look after the administration of justice, and keep themselves 
from war. The fourth group is formed by those who escort 
the wives of dignitaries and the princesses; they are vigorous, 
brave, and strong men who nevertheless do not go to war, for 
they say, ‘We are the protectors of the women’. The fifth 
group calls itself ema gelle, ‘elders’; they are the lords and 
hereditary landowners: they share their land with their labor-
ers, and are not ashamed of their fear. The sixth group is that 
of the laborers in agriculture, who live in the fields and have 
no thought of taking part in war. The seventh group is com-
posed of those who engage in trade and gain profit thereby. 
The eighth group is that of the artisans, such as the smiths, 
scribes, carpenters, and such-like, who know not the art of 
war. The ninth group is that of the wandering singers, those 
who play the qanda kabaro [a small drum] and the bagana, 
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whose profession is to beg, to collect money. They invoke 
blessings on those who reward them, flattering them with 
vain praises and idle panegyrics; while those who refuse to 
give them presents they curse, though they are not blamewor-
thy for this, for, as they say, ‘This is our custom.’ Such peo-
ple keep themselves as far as possible from war. The tenth 
group, finally, is composed of those who carry the shield and 
spear, who can fight, and who follow the steps of their king 
to war. It is because these are so few in number that our 
country is ruined. Among the Galla, on the contrary, these 
nine classes which we have mentioned do not exist; all men, 
from small to great, are instructed in warfare, and for this 
reason they ruin and kill us (Bahrey 1976 [1593]: 140–141). 

In our model, the higher coefficient of military participation that 
was typical for ‘barbarians’ is mathematically described in Equa-
tion (3) by giving coefficient b (representing the military participation 
ratio of ‘barbarians’ here, i.e., the percentage of tribal population par-
ticipating in military operations) a significantly higher value than that 
of coefficient c (representing the military participation ratio for the 
‘civilized’ population) in Equation (2). For example, in the computer 
simulations (whose results will be presented in our next article) for the 
main scenario of our model, the value of с is 0.05, whereas the value 
of b is 0.2. 

cccc HTcNM  , (2)

where Nc is the size of ‘civilized’ population; Tc is the level of techno-
logical development of the civilizational core (for simplicity it is as-
sumed that the level of development of military technologies of civili-
zation is proportional to the general level of its technological devel-
opment; therefore, within this model it is not identified as a separate 
variable); Hc is the level of asabiyyah of the civilized population (we 
will dwell upon this variable below). 

bmbbb HTbNM  , (3)

where Nb is the number of inhabitants of the tribal periphery; Tmb is 
the level of development of military technologies in the tribal periph-
ery (it is assumed that this variable is not identical with the general 
level of technological development of the tribal periphery; the impli-
cations of this assumption will be considered below); and Hb is the 
level of barbarians' asabiyyah. 
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2) Borrowing of military technologies by ‘barbarians’ happened at 
higher rates than the borrowing of non-military technologies (the way 
we chose to model this assumption mathematically will be described 
below). For example, because the Mongols borrowed siege equipment 
and technology from China, they were able to successfully take many 
cities. Thus, in this case, borrowing of military innovations was one of 
important factors leading to mass destruction of cities of the World Sys-
tem in the thirteenth century. Nevertheless, the abovementioned facts 
about technological borrowing refer not only to weapons, but also to the 
strategy, tactics, and organization of the army. Quite often, ‘barbarians’ 
simply imitated the structure of the armies (or separate military insti-
tutes) of the neighboring civilizations. For example, the German leader 
Maroboduus (the late first century BCE – early first century CE), hav-
ing united Marcomanni with the Lugians, the Mugilones, Ghots and 
other Germanic tribes, created a large army on the Roman pattern, 
numbering 70,000 infantry and 4,000 cavalry (SIE 1966: 123). 

3) The beginning of forceful expansion of the civilizational core 
upon the tribal periphery can be interpreted as the formation of a me-
ta-ethnic frontier between the civilization and the tribal world. As 
clearly demonstrated by Peter Turchin (2003, 2005, 2007), the for-
mation of such a metaethnic border tends to lead to a significant in-
crease in asabiyyah in the party under pressure.6 As a result, if at the 
beginning of its forceful expansion civilization faced scattered groups 
of ‘barbarians’ incapable of producing any effective resistance, further 
on, these groups began to cooperate more and more with each other 
when resisting civilization, and civilization had to deal with more and 
more united and large coalitions of ‘barbarians’ (which were formed 
in many respects as a reaction to forceful expansion and were able to 
show increasingly effective resistance, and even start successful coun-
terattacks). Turchin suggests the use of the term asabiyyah, introduced 
into the scientific discourse by Abd al-Rahman Ibn Khaldun7 (1332–
1406), to denote ‘collective solidarity’.8 

In the model, the dynamics of tribal asabiyyah (Hb) is described 
mathematically by means of the following equation: 

dt

dA
e

dt

dH cb  , (4)

where e is a constant. It means that the higher the rates of forceful ter-
ritorial expansion of civilization, the higher the growth rates of barbar-
ians' asabiyyah.9 

Respectively: 
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,
dt

dA
e

dt

dH cc   

where Hc is asabiyyah of civilized population.  
Note that it means that asabiyya of civilization begins to grow un-

der the pressure of ‘barbarians’, and the stronger this pressure is, the 
quicker it grows (see evidence for this in Turchin 2005).  

While describing population dynamics, we use the simplified ver-
sion of the compact model of demographic, technological and eco-
nomic development of the World System as our basis (Kremer 1993; 
Korotayev 2005, 2006d, 2007a, 2007b, 2008, 2009, 2012, 2013, 2018, 
2020b; Korotayev, Malkov, Khaltourina 2005, 2006a, 2006b, 2007; 
Korotayev, Malkov S. 2012; Zinkina, Malkov, Korotayev 2014; Koro-
tayev, Malkov A. 2016; Korotayev, Zinkina 2017; Grinin 2012; Grin-
in L., Grinin A. 2016; Grinin A., Grinin L. 2015; Grinin, Korotayev 
2016; Grinin L., Grinin A., Korotayev 2017a, 2020b). We make a 
Malthusian assumption that throughout most of the period of human-
kind's existence, the human population was limited by the level of 
development of life-supporting technologies. As in Kremer's simpli-
fied model (1993: 685), we assume that population comes to the tech-
nologically determined level of the Earth's carrying capacity instantly 
(in other words, humankind instantly fills the ecological niche ex-
panded as a result of technological growth).10 We also take into ac-
count the fact that territory with a higher natural productivity can sup-
port the existence of a larger population at the same level of techno-
logical development than territory with smaller natural producing ca-
pacity, and under otherwise equal conditions a larger territory can 
support a larger population than a smaller territory. Thus, the popula-
tion size (N) of some zone with productivity F and area A at level of 
development of life-supporting technologies T will be described math-
ematically by Equation 6, 

N = gFTA, (6)

where g is a constant.  
As a result, the mathematical description of the population for 

year i for a hinterland of the World System (Zone 3) appears to be the 
simplest in our model, since we have initially assumed that the territo-
ry occupied by it throughout the modeled period remains constant, and 
the level of technological development is the same for the whole zone: 

N3i = gF3T3iA3. (7)
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The situation with the civilizational core and tribal periphery of 
the World System is a little more complicated. The issue is that 
throughout the most part of the modeled period the civilization zone is 
divided into two subzones with different natural productivity, i.e., the 
core of the civilization zone with high natural productivity (~ Zone 1) 
and the periphery of the zone corresponding to the part of less produc-
tive Zone 2 taken by the civilization from ‘barbarians’. Thus, 

Nci = N1ci + N2ci,  (8)

where Nci is population of the civilization core for year i; N1ci is the 
‘civilized’ population of Zone 1 for year i; and N2ci is the ‘civilized’ 
population of Zone 2 for year i.  

At the same time: 

N1ci = gF1TciA1ci,  (9)

where A1ci is the area of the part of Zone 1 controlled by civilization 
for year i; 

N2ci = gF2TciA2ci,  (10)
where A1ci is the area of the part of Zone 2 controlled by civilization 
for year i. 

Then, 

Nbi = N2bi + N1bi,  (11)

where Nbi is population of the tribal periphery for year i; N2bi is the 
‘barbarian’ population of Zone 2 for year i; and N1bi is the ‘barbarian’ 
population of Zone 1 for year i.  

Herewith, 

N2bi = gF2TbiA2bi,  (12)

where A2bi is the area of the part of Zone 2 controlled by ‘barbarians’ 
for year i; 

N1bi = gF2TbiA2bi,  (13)

where A1bi is the area of the part of Zone 1 controlled by ‘barbarians’ 
for year i. The method to calculate the values of variables A1c, A2c, A2b 

and A1b we employed in the model is described below (see Table 1 
and Eqs. (9), (10), (24), (25)).  

The total population of the World System for year i (Nwi) is calcu-
lated by means of the following equation: 

Nwi = Nсi + Nbi + N3i. (14)
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Similar to our general model of World System development, the 
mathematical description of technological dynamics is based upon the 
equation for technological growth proposed by Michael Kremer11 
(Kremer 1993: 686): 

,hNT
dt

dT
  (15) 

where h is a constant (~ coefficient of innovative technological activi-
ty of the population).  

We assume that the diffusion of innovations proceeds from the 
civilization center of the World System to its tribal periphery and from 
there to the hinterland (1). Though in reality the diffusion of innova-
tions from hinterland to periphery (2), from periphery to center (3), 
and between various subzones of periphery (4) and hinterland (5) was 
also observed, the main flow of technological diffusion was center–
periphery (see, e.g., Chubarov 1991; Grinin A. and Grinin L. 2015), 
and we decided to refrain from the modeling the diffusion of techno-
logical innovations in other directions for the sake of simplicity.  

Thus, the following system of difference equations has been used 
in our model to model the technological development of the World 
System: 

Tci = Tci-1 +hNci-1Tci-1, (16)

where Tci is the level of technological development of the civilization 
core of the World System for year i;  

Tbi = Tbi-1 +hN’bi-1Tbi-1 + k(Tc – Tb), (17)

where Tbi is the level of technological development of tribal periphery 
for year i; N’b is population of the tribal Zone; and k is a constant;  

T3i = T3i-1 +hN’3i-1T3i-1 + l(Tbi-1 – T3i-1), (18)

where T3i is the level of technological development of hinterland 
(Zone 3) for year i; N’3 is population of hinterland; l is a constant.  

As mentioned above, we introduce an additional equation for de-
scription of dynamics of development of the military technologies of 
‘barbarians’ to account for the effect of their more rapid borrowing of 
military technologies in comparison with peaceful ones: 

Tmbi = Tmbi-1 +mN’bi-1Tmbi-1 + nHbi-1(Tci-1 – Tmbi-1), (19)

where m and n are constants.  
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The effect of the most interest for us can be described by means of 
Eqs. (17) and (19) by giving a higher value to coefficient n in Eq. (19) 
in comparison with the value of coefficient k in Eq. (17). This equation 
also describes an assumption that the rates of ‘barbarian’ borrowing of 
military technologies grows along with the growth of their asabiyyah. 

We assume that the entire urban population of the World System 
is concentrated in its civilizational core. For mathematical description 
of urbanization dynamics in the model, the following equation is used:  

uci = pTci, (20)

where uci is the index of urbanization of the civilizational core (a share 
of urban population in the total population of civilization core), and p 
is a constant. The possibility of approximation of uci ~ pT follows 
from the equations of our compact model of the general World System 
development (Korotayev, Malkov, Khaltourina 2007; Korotayev, 
Komarova, Khaltourina 2007; Korotayev 2012, 2013). We use the 
World System Technological Development Index we previously pro-
posed (Korotayev 2006d) for an empirical test of this hypothesis. This 
index was calculated on the basis of the Hellemans – Bunch database 
(Hellemans, Bunch 1988). In this database, Hellemans and Bunch 
tried to record in chronological sequence all the main inventions and 
discoveries made by the 1980s. As a value of the World System Tech-
nological Development Index for moment X, we use the total number 
of inventions and discoveries made in the World System up to that 
moment. 

The correlation between this World System Technological Devel-
opment Index and the World System Urbanization Index we previous-
ly calculated (Korotayev, Malkov, Khaltourina 2007: 122–127; Koro-
tayev 2007b; Grinin, Korotayev 2009: Ch. 4) is depicted in Fig. 4. 



Korotayev et al. / Mathematical Model of Interaction 65 

u
, W

or
ld

 S
ys

te
m

 U
rb

an
iz

at
io

n 
In

d
ex
 

6000500040003000200010000

0,4

0,3

0,2

0,1

0,0

 
 T, World System Technological Development Index 

Fig. 4. Correlation between the World System Technological  
Development Index (T) and the World System Urbanization Index (u)  

(3500 BCE–1970 CE): scatterplot with a fitted regression line 

Note: R = 0.95; R2 = 0.903; p = 1.08 · 10-15. 

Thus, we find a rather strong and statistically significant correlation 
between these indices.  

The total urban population in the model is defined by the follow-
ing equation: 

U = ucNc. (21)

Finally, the World System Urbanization Index (share of urban popula-
tion in the total World System population) uw is defined by the follow-
ing equation: 

w
w N

U
u  , (22)

where Nw is the total population of the World System.12  
Table 1 gives a summary of the model. 
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Table 1 

Compact mathematical model of influence of interaction  
of the civilizational center and tribal periphery  

on the development of the World System (a detailed description) 

Varia-
ble 

symbol 
Meaning = Value for year i 

Equa-
tion 

num-
ber 

A1 Territory of Zone 1 = 
Constant; in the computer simula-
tions described below, 1 mln km2 – 

A2 Territory of Zone 2  = Constant, 24 mln km2 – 
A3 Territory of Zone 3 = Constant, 96 mln km2 – 

F1 
‘Index of natural 
fertility’ of Zone 1

= 
Constant; in the computer simula-
tions described below, 10 

– 

F2 
‘Index of natural 
fertility’ of Zone 2

= Constant, 3  – 

F3 
‘Index of natural 
fertility’ of Zone 3 = Constant, 1  – 

Ac 
Territory of the ‘civi-
lization zone’  = 

Aci-1 + a(Mci-1 – Mbi-1);
Ac0 = A1 = 1 mln km2. This variable 
cannot have negative values 

(1) 

Ab 
Territory of the ‘trib-
al periphery’ 

= 
Abi-1 + a(Mbi-1 – Mci-1);
Ab0 = A2 = 24 mln km2. This varia-
ble cannot have negative values

(23) 

A1c 
Portion of Zone 1 
controlled by civili-
zation 

= 

Described by a version of Eq. (1); 
A1c0 = Ac0 = A1 = 1 mln km2. Does 
not change while there is an expan-
sion of civilization; if, as a result of 
counterattack of ‘barbarians’ they 
completely re-take Zone 2, then  
A1ci = A1ci-1 + a(Mci-1 – Mbi-1) until  
A1c (= Ac) reaches zero value (inter-
preted as a complete conquest of 
civilization by ‘barbarians’) or re-
turns to value of 1 mln km2 (inter-
preted as a full expulsion of ‘barbar-
ians’ from Zone 1).13 This variable 
cannot have negative values  

(9) 

A2c 
Portion of Zone 2 
controlled by civili-
zation 

= Ac – A1 if Ac > A1; 0 if Ac  A1. (10) 

A2b 
Portion of Zone 2 
controlled by ‘bar-
barians’ 

= Ab if Ab  A2; A2 (= in our case 24)  
if Ab > A2 

(24) 

A1b 
Portion of Zone 1 
controlled by ‘bar-
barians’ 

= 0 if Ab  A2; A1 – Ac if Ab > A2. (25) 
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Table 1 (continued) 

Varia-
ble 

symbol 
Meaning = Value for year i 

Equa-
tion 

num-
ber 

Mc 
Military potential of 
civilization  

= cNcTcHc (2) 

Mb 
Military potential of 
‘barbarians’   

= 

bNbTmbHb . It is assumed that the 
value of the military participation 
ratio of ‘barbarians’ (b) is signifi-
cantly higher than that for ‘civilized’ 
population. In computer simulations 
whose results are presented in the 
second part of this article, the value 
of c is assumed to be equal to 0.05, 
and the value of coefficient b is 
assumed to be equal to 0.2 

(3) 

Hb 
Index of collective 
solidarity (asabiyyah) 
of barbarians 

= Hbi-1 + e(Aci – Aci-1); Hbi  0  (4) 

Hc 

Index of collective 
solidarity (asabiyyah) 
of ‘civilized’ popula-
tion 

= Hci-1 – e(Aci – Aci-1); Hci  0  (5) 

Nc 
Population of the 
civilizational core  

= N1ci + N2ci (8) 

N1c 
‘Сivilized’ popula-
tion of Zone 1 

= gF1TciA1ci (26) 

N2c 
‘Сivilized’ popula-
tion of Zone 2 

= gF2TciA2ci (27) 

Nb 
Population of the 
tribal periphery  

= N2b + N1b (11) 

N2b 
‘Tribal’ population of 
Zone 2 

= gF2TbiA1bi (28) 

N1b 
‘Tribal’ population of 
Zone 2 

= gF1TbiA1bi (29) 

N3 Population of Zone 3 = gF3T3iA3 (7) 

Nw 
Total population of 
the World System 

= Nсi + Nbi + N3i (14) 

Tc 

Level of technologi-
cal development of 
the World System 
civilizational core 

= Tci-1 +hNci-1Tci-1 (16) 

Tb 
Level of technologi-
cal development of 
the tribal periphery  

= Tbi-1 +hN’bi-1Tbi-1 + k(Tc – Tb) (17) 
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Table 1 (continued) 

Varia-
ble 

symbol 
Meaning = Value for year i 

Equa-
tion 

num-
ber 

N’b 

Population in one 
subzone of ‘Tribal 
Zone’ (with condi-
tional area of each 
subzone equal to  
1 mln km2) 

= 

Nbi/Abi (note that the area of zones  
in our model is measured in mln km2 

therefore this division gives the 
population of ‘barbarians’ per 1 mln 
km2)  

– 

T3 

Level of technologi-
cal development of 
the World System 
hinterland (= Zone 3)

= T3i-1 +hN’3i-1T3i-1 + l(Tbi-1 – T3i-1) (18) 

N’3 

Population in one 
subzone of Zone 3 
(with conditional 
area of each subzone 
equal to 1 mln km2) 

= N3/A3 – 

Tmb 

Level of develop-
ment of military 
technologies of ‘bar-
barians’ 

= 
Tmbi-1 +mN’bi-1Tmbi-1 + nHbi-1(Tci-1 – 
Tmbi-1)  

(19) 

uc 

Index of urbanization 
of the civilizational 
core (share of urban 
population in the 
total population of 
the civilizational 
core) 

= pTc; 0  uc  0.9 (9) 

U 
Total urban popula-
tion 

= ucNc (21) 

uw 

Index of the World 
System urbanization
(a share of urban 
population in the 
total population of 
the World System) 

= U / Nw (22) 

In the second part of this article we will analyze the dynamics 
generated by this model. It will be shown that interaction between the 
civilizational center and ‘barbarian’ periphery really can explain some 
characteristic features of the World System dynamics in the fourth 
millennium BCE – the second millennium CE.  

(to be concluded in the next issue) 
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NOTES 
1 See https://www.sociostudies.org/journal/files/seh/2021_2/supporting_ 

materials.php. 
2 Not without reason did V. Gordon Childe focus on the urban revolution 

(Childe 1952: Chapter 7). It is also quite clear that the processes of functional differ-
entiation, social stratification and class formation proceeded in many ancient agri-
cultural societies under a considerable influence from the ‘urban revolution’ (Ale-
kshin 1986: 22). ‘City’ also implies a complex concentration of geographical, social, 
political, and sacral resources and assets. ‘The city is a direct territorial concentra-
tion of multiple heterogeneous forms of human activities’ (Akhiezer 1995: 23). One 
can see the closest connection between urbanization, on the one hand, and the for-
mation and development of civilizations and statehood, on the other (see, e.g., Koro-
tayev, Grinin 2006, 2012, 2013; Grinin 2007a; Masson 1989). 

3 In this article sociocultural complexity is categorized along the lines out-
lined in Turchin et al. 2018.  

4 The identification of this characteristic as a working criterion of civilization 
within our mathematical model should, of course, be treated just as an assump-
tion. It is explained by the necessity to determine in an operationalizable way 
within the present formal / mathematical research the societies forming the World 
System core and having urban settlements as distinct from peripheral societies 
(designated here as ‘tribal’/‘barbarian’) lacking those settlements. Let us note that 
this does not contradict some researchers' rather fair statements that in the context 
of their research this characteristic can be substituted, for example, by the pres-
ence of monumental buildings (see, e.g., Masson 1989).  

5 On this term see below for more details.  
6 Those who withstood it found responses to the challenge that finally led to 

the selection of types of tribal communities most adapted to fighting against civi-
lization.  

7 See, e.g., Ibn Khaldun 1958, 2004; Alekseev, Khaltourina 2004; Turchin 
2003, 2007; Korotayev, Khaltourina 2006; Korotayev 2006a, 2007c, 2007d; Inan 
1933; Mahdi 1937.  

8 It is a peculiar ideology of tribal solidarity, which allows tribal people to be 
united into a powerful military force, for example, when putting together groups of 
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tribes. Therefore, Morton Fried (1975) has reason to state that tribes are the second-
ary non-primitive formations emerging under the influence of neighboring commu-
nities with significantly higher level of sociocultural complexity (see also Korotayev 
1997a, 1997b, 2000a, 2000b, 2003, 2004, 2006b, 2020a, 2021; Grinin 2007a). 

9 We also assume that with the increase in barbarians' asabiyyah the rate of bor-
rowing of military technologies of civilization increases (this assumption is modeled 
by Eq. (19)). We also assume that variable H cannot have negative values. 

10 Let us note that it deprives us of an opportunity to describe cyclical dy-
namics of the system in the basin of attraction (see, e.g., Korotayev, Malkov, 
Khaltourina 2006b; Korotayev, Komarova, Khaltourina 2007) that would bring 
dynamics generated by the model considerably closer to actually observable dy-
namics. However, this considerably simplifies the suggested model, which made 
us dwell on this simplified version of description of dependence of population on 
the level of technological development.  

11 Note that this equation was also independently proposed by Rein Taa-
gepera (1976, 1979).  

12 Thus, the World System urbanization appears here in our model as a pure-
ly dependent variable. Perhaps it would make sense to consider its influence on 
some other key variable models (e.g., on the rates of technological growth, as 
examined by Artzrouni and Komlos [1985]; in our opinion, their model might 
allow us to give a more exact description of technological dynamics of the World 
System in the basins of attraction of attractors B1 and В2), but in order to avoid 
excessive complication of the model we opt to refrain from this, though the action 
of this factor may be considered in future models. 

13 It is obvious that the easiest way to model the dynamics of this variable is to 
give it the value of A1 (1 in our computer simulations) when Ac  A1 and value Ac 
when Ac < A1. This method was also applied by us in computer simulations for this 
and other similar variables (A2c, A2b, and A1b). 

14 . 2004 القاھرة: دار الفجر في التراث، ليف عبد الرحمن ابن خلدون.مقدمة ابن خلدون / تأ  
.1933القاھرة: دار الكتب المصرية،  15 ابن خلدون : حياته و تراثه الفكري / تأليف محمد عبد هللا  

 عنان.
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